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Abstract. The least (and greatest) number of edges realizable by a graph having n vertices 
and automorphism group isomorphic to D,,, the dihedral group of order 2m, is determined 
for all admissible n. 
1. Introduction 
By a graph is meant a finite undirected graph without loops or multiple 
edges. The automorphism group of a graph consists of those permutations 
r 3’ the vertex set of the graph which preserve adjacency relations. Let 
e(G, n) denote the least integer for which there c xi ,ts a graph having 
e(G, n) e&es, n vertices, and automorphism group isomorphic to G. In 
[3], e(G, n) has been determined for G = id and in [4] for G = Sm 
(m = 2,3, . ..). where S, denotes the symmetric group on m letters. 
In this paper, the value of e(D2m, n) is determined for all admissible 
n, where D, is the d.ihedral group of order 2m (m = 1,2, . ..). Since the 
greatest number E(.G, n) of edges realizable by a graph having n vertices 
and group G is obtained by considering the complementary graph of 8 
mimmum edge graph with the same number of vertices and group, c?:r 
result yields whenever e(Dzm, n) is defined that 
E(D,,, n) = in(n - 1) - e(D2m, n) . 
Let ai denote the number of as~~mmetric trees having i vertices and fur 
each n (n = 8, 9, . . . . ‘I let N and w be defined as follows: 
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N N+l N 
~iaiIn< C iai, 
i=l i=l 
n=Ciai+w(N+l)+r 
i=l 
(O<w&$+l; OSr<N+l); 
ai has keen determined by Harary and Prins [ 1 f for all i. Quintas [ 31 
defines X and w where these numbers are used in proving the following 
theorem e 
Theorem 1.1 [3]. e(id, n) is not defined for n = 2,3,4,5 and 
n= 1, 
n = 6, 7, 
n = 8,9, . . . . 
Theorem 1.2 [ 41. Let Sm be the symmetric group of degree m (m 2 2). 
T’?len e(S,,, , n) is not defined for n < m ; 
e(Sz, n)=n-2 for n=2,3 ,..., 8 ; 
if m 2 3, then 
eCSm, n) = 
0, n=m, 
m, n=m+l,m+2, 
m+2, n=m+3,m+4, 
m+3, n=m+S, 
6, n=m+6; 
and if m 2 2, then e(sm , n) = e(id, n - m + 1) for n :> m + 7. 
This paper settles the following: 
Theorem 1.3. 
\ 
undefined, n< 4, 
e(D4,n)=, 1 -+j, n = 4 
1 
+j fw j=O, . . . . 6, 
1 + e(id, n - 3), nZ 11; 
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n<4 
n=2+2k,3+2k fork=l,2,3, 
n = 10, 
n 2 11; 
( undefined, nf 5, 
5, n = 5,6, 
e(Dlo,n)=l lO+j, n=7+j, wherzj=O, 1,2, 
lO? n= 10, 11, 
,S+e(id,n-S), n 2 12; 
I 
undefined, n< 5, 
e(Dlz,nl = 1 +j, n=5+j, forj=O ,..., 6, 
1 +e(id, n -41, n 2 12. 
fibr m # 2no, where (no, 2) = 1 and m > 5, 
e(D2,,,, n) = 
undefined, n< m, 
m 
, n=m,m+ll; 
eiDZm9 m+2)= 2m ; 
e(Dzm, m + 3) = 
2m+l, rnr 1, 5 (mod6), 
2m 
, m = 0, 2,3,4 (mod 6); 
m= 1,5(mod6), 
m = 0, 2, 3,4 (mod 6); 
e(&,, m + 5) = 
2m+3, ,rn= 1, 5 (mod6), 
2m = , rn 0, 2, 3,4 (mod 6); 
eU&,, , n) =m+e(id,n-m), n 2 m d-6. 
For m = 2no, where (no, 2) = 1 and m > 6, 
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I 
undefined, n < nn+2, 
e(D 2.2nOF n) = I fzo +i, n=no+2+j forj=O, . ...6, 
nofe(id,n-no-l), n> not-$ 
2. Groups of graphs 
Any graph K can be represented as follows: 
(2.1) K=K,u...uK,, 
where each Ki is an isomorphism class of components of K, i.e., 
Ki == Kit u ..= u Kii, ) 
i 
Kij~ Hi (j= 1, -.., ni) 
for some fixed connected graph H;- Kij z Kkt if and only if i = k. 
The nexx two lemmas are taken from Quintas [4]. 
Lemma 2.1. IfK is represented as in (2.1) and 4(K) is the automorphism 
group of K, then: 
(n)A(K)=A(K&x . . . X A(K,.), where X denotes the direct product; 
(ii) A(Ki, == A(Hi)“i * Sni, where A(lfi)ni is the direct product of ni 
isomorphic cl>pies Of A~Hi), dezotes the product, and 
is the group of i :i; 
A (Hi)“! is normal in A(Ki, E *nd normal in A(K); 
(iv) #ni # 1 and A!H,) # id, tkcn Sni is not normal in A(Ki). 
Definitlcm 2.2. A group G is directly indecomposable if and only if it 
cannot be decomposed into the direct product of proper subgroups. 
Lemma 2.3. Jf K is represented as in (2.1), A(K) = G and G is directly 
indecomposable, then: 
(i) tkere exists a unique t E ( 1 ) . . . . r) such that A(Ki) = G and if’ 
K \ Ki f $3, then A(K \ Ki) = id, and 
(ii) if K. cj = Hi (j= 1, .a., ni), then G = A(Hi)“i * Sni. 
2. Croups of graphs 
Lemma 2.4. If m = 2n, with (no, 2) = 1, then D,, =: D, X Z,. in all 
other cases D,, is directly indecomposable. 
Lemma 2.4 follows easily froln the fact that the center of D2na is 
either the identity or a subgroup of order 2. 
Lemma 2.5. If K is represented as in (2,l) and A(K) = D2m, with D,, 
directly indecomposable, then there exists a unique i E ( 1, . . . . Y) such 
that A(Ki) = D2, and if K \ Ki + 0, then A(K \ h~i) = id, ar?d either 
(i) Ki is connected, or 
(ii) Ki consists of two isomorphic asymmetric components, or 
(iii) Ki consists of two isomorphic symmetric components with 
A(Kii) = Z, for j = 1,2, or 
(iv) Ki ccnsists oj’ three isomorphic asymmetric components. 
Proof. Since D,, is directly indecomposable, by Lemma 2.3 for some i 
D s A(Hi)“i * Sni. 
gr2dnup of D,, 
For the dihedral group izi 5 3 (i.e., S, is not a sub- 
%r n 2 4). 
Case 1 Z “i = 1.. Ki is connected. 
Case 2: ni = 2. If D,,,, = S,, then Ki consists of two isomorphic asym- 
metric components. IfD2m # S, and ni = 2, then D,, = (A&) X 
X A(H2)) * S, , where H, s H,. It will be shown that this can only 
happen if m = 4. 
First, let p be an odd prime which divides 2m. D,!, cannot be of the 
required form or the Sylow p-subgroup of D,, would be a subgroup of 
A(H,) X A(H2). This is impossible. Now suppose p = 2. D2n = (a2’*-l 
= b2 = 11 bab = a-l) for n 2 2. The commutator subgroup of D,, , 
denoted by H, is (a2) 2 Z 2n_2. (ZS is the cyclic group of order s). This 
is true since the only non-trivial commutators are of the form ba-” bak 
= a2k. Since a 2, (b2, (ab)2 E H, D2n / H s Z, X Z,. Therefore, D,n has 
- precisely three subgroups of index 2. They are: 
(i) (a) 2 Z2n-* , 
(ii) (a2, b) 2 L)Zn_1 ,
(iii) (a2, ab> s D2”-’ . 
This information is pictured in Fig. 1. A, (H,) X A(H,) rllust be one of 
these subgroups. By Lemma 2.4, D2n-1 E A(H,) X A(H,) 0111~ when 
n = 3, while Z2n_1 + A(M,) X A(H2) l’or any M 2 2. 
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Case 3: “i=3. D,, = (A(H,) X A(Hz) xi A(H,)) * S,, where H, z 
Hz z H, . This is possible for m = 3. 
Lemma 2.6. Let K be represented as in (2.1) and A(K) = D,, , where 
D,, i,c directly indecomposable and m + 1,3 or 4. Let i E ( 1, . . . . r] be 
the unique integer such that A(K,) = D,, and such that either K \ Ki = @ 
or A(K \ Ki) = id. If Ki is connected, Ki is not a tree. 
Proof. Pcilya’s Theorem in [ 21 states: the group of any tree can be ob- 
tairled from symmetric groups by the operations of direct product and 
wreath product. D,, for m # 1,3,4 is not of the required form. 
Lemma 2.7. (See Quintas [ 4 ] .) Let e(id, 0) = 0. Then for p and s non- 
negatjve integers.* 
(i) e(id, p +s) > e(id, p) whenever both sides are defined, and 
(ii) s +e(id, p) 2 e(id, p +s) whenever both sides of the inequality 
are de-fined except for the case p = 1 and s = 5. 
3. Fundamental lemmas 
Lc ,F Y be a connected graph for which A(K) = D,, , where D,, is 
directly indecomposable. Let @ E A(K), where o(@) = m. In Clis section, 
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4 will always denote the element of Dzm of order KG. ’ iiere are m vertices 
in V(K), say vr, . . . . vnz, such that @VI = Vj+l for 1 5 is m - 1 and 
%n = vl . Any such set of vertices in K will be called an m-dihedral set 
for K. 
Let M be an m-dihedral set for K, then :
Remark 3.1. Since &r = vj+r for 0 5 i < m, deg I”~ = . . . = deg c’, 
Remark 3.2. Let v E V(K) \ M. If @‘v = v and #iv # v for 0 < i < 1, then 
m = 0 (mod ij. 
Remark 3.3. Let v E V(K) \ M. If D,, is directly indecomposable and Y 
is only adjacent o vertices fixed by #, then $v = v. 
Remark 3.4. Let v E V(K) \ M. If v is not fixed by $J and v is adjacent o 
an element ofM, then v is adjacent o at least m/o@(v)) elements of M. 
The degree of M is defined to be deg v from some v E M. By Remark 
3.1, the degree of M is well defined. 
Lemma 3.5. Let K be a connected graph with A(K) = D,, . If 
(i) A(K) = I),, is directly indecomposable, 
(ii) m > 6, 
(iii) arO(K) = m + 1, 
then q (K) 2 2m. 
Proof. LetM = {vl, . . . . urn } be an m-dihedral set for K of degree II. 
Claim 1: !I> 3. 
Case 1: B = 0. This is impossible since m > 6 and K is connected. 
&se 2: Q = 1. The only connected graph with m + 1 vertices and II = 1 
is the m-star which has Sm as its group. Since m > 3, Q = 1 is impossible. 
Case 3: II = 2. Let v E V(K’* \ M. Since K is connected, v is adjacent 
to some element of M, say vi. Note that @v = v. (v, vi) E E(K) implies 
that (#‘v, ~~Vj) E E(K) for i = 0, . . . . YTZ - 1. K must therefore contain the 
m-star as a subgraph. It now follows that if Q = 2, then each element of 
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M is adjacent o exacl.ly one other element of M. If m g 0 (mod 2), then 
this is impossible. If IY~ 3 0 (mod 2), then K must be the graph pictured 
in Fig. 2. It does not have L),, as its group. Therefore, g = 2 is impossible 
and Claim 1 is proven. 
Fig. 2. 
C4aiirvt 2: a, (K) >L 2m. In Case 3 of Claim 1 it was seen that deg v = m. 
Therefore, since degp 2 3 for all p E M, 
qm - $ Iz,,M degp + degv] 2 $(3n1 +m) = 2m . 
Claim 3: this bound is realizable. IVm , the wheel with m spokes, is 
such a graph. 
The proof of L.emma 3.5 can be used as a pattern for proving similar 
results for connected graphs K with dihedral automorphism group D,, 
for which (a) D,, is directly indecomposable, (b) WI > 6, and (c) 
m + 2 < arO(K) 5 m + 5. In each of these four cases it is first shown that 
the degree of a dihedral set for such a graph is at least three. This is done 
by showing that no such connected graph with m vertices: of degree 0, 1 
or 2 has the required automorphism group for m > 6. Next an estimate 
for ~1 (K) is determined by finding lower bounds for the degrees of the 
vertices of K not in a dihedral set. This is done by determining what 
constrain ts are placed on a graph with properties (a), (b) and (c) if $, 
the automophism of K ol’ order m, has a certain number of fixed points. 
Lastly, examples are given which show that the constructed bounds are 
realizable. 
Rather than repeat his type of argument four times, it will be pre- 
sented in detail only for a,(K) = m + 5. 
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Lemma 3.6. Let K be a connected graph with A(K) = Dzm. If 
4iMK)=Dfm is directly indecomposable, 
(ii) m > 6, and 
(iii) are(K) = m + 5, 
then either m s 0 (mod 5) and a1 (K) 2 2m OY m + 0 (mod 5) and 
q(K)> 2m+4. 
Proof. Let M = { vl, . . . . vrn ) be an m-dihedral set for K of degree Q. Let 
(s, t,u,v,w)E V(K)\MandL=K[{s, t,u,v,w}J. 
Claim 1: Q 2 3. 
Case 1: II = 0. This is impossible since m > 6 and K is connected. 
Case 2: Q = 1. The only connected graphs on m + 5 vertices with Q = 1 
are the graphs pictured in Fig. 3. Since m 3 6, at least one of k, i, 1, n, p 
is greater than one. It is now easy to see that none of these graphs has 
the required group. 
Fig. 3. 0 <_ h, i, j, k, Q 5 m, h+i+j+k+a=m. 
Case 3: Q = 2. The elements of M are adjacent to 1, 2, 3,4 or 5 of the 
vertices s, t, u, v, w. If 1, 2, 3 or 4, then by the arguments used for K 
with~o(K)=m+1,m+2,m+3orm+4itisseenthatQ=2isimpos- 
sible. Therefore, assume that each of the vertices s, t, u, v, w is adjacent 
to some element of M. Since Q = 2, each element of M is adjacent to ore 
or two of s, t, u, Y, w. 
Case 3(a): each element of M is adjacent to one of the vertices s, t, u, 
v, w. Since none of s, t, u, v, w can be left fixed by a, either +s = t, 
#t = u, #u = P, $u = w and @w = s or @ = t, @t = u, $24 = s, c#w = w and 
$w = v. The second alternative is impossible since each element of’M is 
adjacent to only one of the vertices s, t, ~4, v, w (set? Remark 3.4). The 
tlrst alternative implies m = 0 (mod 5) (see Remark 3.2). Also since Q = 2, 
there must be a perfect matching of the elements oi’N. This implies 
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Fig. 4. Vi, VP Vk, VQ E hf. 
rn = 0 Qinod 10). It follows that K cannot contain as a subgraph either 
of the graphs pictured in Fig. 4 since A(K) = W,, is directly indecom- 
posable. 
It is also clear that if m = 0 (mod 10) and n2 > 20, then M must con- 
tain one of the graphs pictured in Fig. 4 as a subgraph. m = 10 gives the 
group D,, which is not directly indecomposable. If m = 20 and K does 
not contain as a subgraph either of the graphs pictured in Fig. 4, then K 
must be the graph pictured in Fig. 5. The only automorphism of this 
graph, which cyclically permutes , t, u, V, w is (s t u v w) (1 5 9 13 17) 
(48 12 1620)(26 10 14 18)(3 7 11 15 19).ThishasorderSand@ 
should be of order 20. 
Case 3(b): each element of A4 is adjacent o two of the vertices , t, U, 
v, w. If $ fixes one of s, t, u, Y, w, then K must be the graph pictured in 
Fig. 6(a). If @ does not fix any of the vertices , t, u, Y, w, then K must 
be the graph pictured in Fig. 6(b). In either case it is easy to see that 
A(K) f D,, . 
Therefore P # 2 and Q 2 2, which proves Claim 1. 
Clizim 2: if m = 0 (mod 5), then q(K) 2 2m; if n2 f 0 (mod 5), then 
t~t(K)k 2m i-4. 
Case 1: @s = s, C$ t = b, q3u = u, q$ v = v, @MI = w. If any of these vertices 
is adjacent o an element of M, then it is adjacent o each element of M, 
cf. Lemma 3.5, Case 3. Since K is connected, at least one of these ver- 
tices is adjacent o an element of M. If more than one element is adjacent 
to an element ofM, say u and V, then 
fJ,uw f[Z,,, degp + degu + degv] 
2Wm+m+mJ=$(5m)> 2m+4 
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r 
Fig. 5. 
since m 2 7 and cul (K) is an integer. Therefore, suppose that of s, t, u, Y. 
w only u is adjacent o an element of il4. Let N = K[ (u) U Ml. Then 
a1 (K) = a1 (IV) + ar 1 (L) since E(N) n E(L) = @ 5 anust be connected 
since K is connected. Therefore, 
In either case, Q 1 (AC) i? 2m + 4. 
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Fig. 6(b).M= {Yl, . . . . ‘i-1, t’i, Sl, . . . . S&l, Si)” {?I, . . . . fi, Ul, . . . . Uj, Xl, . . . . X,i}. 
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Ckse 2: #s = s, #t = t, $w = u, qbv= w, q5w = v. Now m = 0 (mod 2). If 
more than one of s, t, u is adjacerlt o an element of M, then the argu- 
ment of Case 1 yields the required bound. Each of v and w are adjacent 
to at least irn elements of M. Either (i) v and one of s, t, u, say s, are 
adjacent o an element of M, or (ii) v is adjacent o an element of M and 
at least two of s, t, u, say s and t, are adjacent o v and none of s, t, u is 
adjacent o an element of M, or (iii) v is adjacent o an element of M and 
only one of s, t, u, say s, is adjacent o v and none of s, t, u is adjacent 
to an element of M. 
Case 2(a). 
qoe f E,, degp+degv+degw+degs] 
since m 2 7 and ~[r (K) is an integer. 
Case 2(b). Since (s, v) e E(K), (@IS, qb) = (s, w) E E(K). Therefore 
degs >_ 2. Similarly, deg t 2 2. Hence 
qKP QD,,, degg+degv+degw+degs+degt] 
2#[3m+2(im+2)+2+2] =2m+4. 
Case 2(c). One of t, u, say t, is adjacent o s since K is connected. It 
now follows that u is adjacent o t and u is not adjacent o s since D,, 
is directly indecomposable. Therefore, 
a#0 = 3 IXp@f degp+degv+degw+degs+degt+degu] 
2+[3m+2(?m+1)+3+2L] =2m+4. 
In any case, a,(K) 2 2m f 4. 
Case 3: (9s = s, #t = t, $u = v, @IV = w, @w = LI. NO-A m f 0 (mod 3) 
and each of u, v, w are adjacent o at least 3 m elements of M. lf both s 
and t are adjacent o an element of M, then the argument of Case I 
yields the required bound. If one of s, t, say s, -is adjacent o an element 
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of M, then the argument of Case 2(a) yields the required bound. If 
neither s nor r is adjacent o an element of M, then at least one of them, 
say s, is adjacent o u and consequently also adjacent o v and w. In any 
case, deg 5 2 1 since K is connected. Therefore, 
quo=~~~,,~ degp+depzJ+degv+degw+degs+degt] 
W3m+3(jm+1)+3+ l] =3[4m+7] 2 2m+4 
since a1 (K) is an integer. 
Case 4: #(s) = s, #t = u, qiu = t, $v = w, #w = v,. Now m = 0 (mod 2). 
Ifs is adjacent o an element of M, then by Remark 3.3 either t or v 
must also be adjacent o an element of M. By an argument similar to 
the. one used in Case 2(a), the required bound now follows. It remains 
!o consider what happens ifs is not adjacent o an element of A4 and 
either (i) exactly one of tT v is adjacent o an element of M, or (ii) both 
t and v are adjacent o ai- element of M. 
Case 4(a): suppose t and u are each adjacent o at least Qrn elements 
of M. By Remark 3.3, v must be adjacent o either t or u, say t. It fol- 
lows that w must be adjacent o u. Now s is adjacent o both t and u or 
both v and w. Therefore, 
a,(K)=1[Z,E, . degp+degs+degt+degu+degv+degw] 
case 4(b): each of t and v is adjacent o an element of M. Consequent- 
lv- each of t, u, v, w is adjacent o at least 4 m elements of M. Therefore, 
qK)w~,,, degp+degt+degu+degv+degw] 
2 t! Dm +4(&m)] =i(Sm)> 2mt4 
since m 2 7 and (Y 1 (K) is an integer. 
In any case, arr (K) Z 2m + 4. 
Case5:@s=s,$t=u,@u=v,~v=w,~w=t.Nowm~Q(mod4). 
Each of t, u, v, w is adjacent o at leas i $ m elements of Al. Ifs is adjacent 
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to an element of M, then an argument similar to the one used in Case 
2(a) yields the required bound. Ifs is not adjacent to an element of M, 
then since K is connected, s is adjacent to at least one of t, u, v, w. it 
follows that s is adjacent to each of t, u, v, w. Therefore, 
“po=wp~~ degp+degs+degt+degu+degv+degw] 
2~[3m+4+4($m+ l)] =2m+4. 
Case 6: es = t, #t = u, qbu = v, #v = w, @w = s. Now m = 0 (mod 5). 
Each of s, t, u, v, w is adjacent to at ieast $ m elements of M. Therefore, 
a’1 (K) = f EPEM degp+degs+degt+degu+degv+degw] 
2 4 [3m + 5(im)] = 2m . 
Case 7: qbs = t, #t == s, $u = v, $v = w, #w = u. Now m = 0 (mod6). 
It is impossible for either s or t to be adjacent to any of u, V, W. There- 
fore, s and w are each adjacent to an element 01 M. Consequently, s 
and t are each. adjacent to at least &rn elements of M, and U, v, w are - 
each adjacent to at least $rn elements of M. Therefore, 
Qpl=fEpEjj/f degp+dl:gs+degt+degu+degv+degw] 
> 1 [ 3m + 2(5 m) + 3(3 m)] -2 =+(Sm)2 2m+4 
since m > 7 and (Y 1 (K) is an integer. 
Claim 2 is now proven. 
Claim 3: the bounds of Claim 2 are realizable. Let W, be the wheel 
with m spokes and hub s. If the edges (s, t), (t, u), (u, v), (v, w) are added 
to Wrn , the resulting connected graph K has group D,, and (II 1 (K) 
= 2m +4. If l = 0 (mod 5) then let K be the connected graph defined 
in the following way: 
(a) UK) = i 1, . . . . m, wl, w2, w3, w4, w5 1, 
(b) 1, . . . . m span an m-circuit, 
[c) (+j)EE(#)fori= l,..., 5andi= l,..., m if and only if i f i (mod 5 ). 
K has group D,, and cv 1 (K) = 2m. For m = 9 and m = 15, these graphs 
are pictured in Fig. 7. 
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4. Proof of Theorem 1.3 
Let L, denote a path of length n, C’,, a circuit with n edges and 52 a 
graph with no edges and no vertices. Let se(G) denote the number of 
vertices in a graph G and QL r (G) the number of edges in G. Let Qk denote 
an asymmetric graph on k vertices having e(id, k) edges. Qk will denote 
a Qk which has one component consisting of a single isolated vertex. 
(m=l) D, = S, . e(Sz, n) was calculated in [4] . 
(m-2) D, = 2, X Z,. Let K be a graph with n vertices and graph D,. 
For n < 4, e(D4, n) is undefined. 
For n = 4, e(D,, n) 2 1 since four isolated vertices generate S, . 
e(D4, 4) = 1 since a graph K consisting of L 1 together with two isolated 
vertices has A(K) = D, and a1 (K) = 1. 
Let 5 < n < 9. Since no graph on 2,3,4 or 5 vertices is asymmetric,. 
K cannot contain more than three components. If K has i components 
fori= 1,2,3,thenar1(K)~n-i.Thereforee(D4,n)&-3.Agraph 
K consisting of L,_, together with two isolated vertices has A(K) = D, 
and aI (K) = n - 3. Therefore e-(D4, n) = n - 3 for 5 5 n < 9. 
For n = 10, K can consist of at most four components. If K has four 
components, then it contains an asymmetric graph on six vertices as one 
of its components. Regardless of the number of components aI (K) 2 7. 
Thereforee(D4, lo)> 7. AgraphK=$ii L4’J {*} hasA(K)=D4 and 
cur (K) = 7. Therefore e(D4, IO) = 7. 
For n > 11, let K = W, u W,, where W, is maximz?.l in K with respect 
to~(W2)=idandA(K\Wz)=A(M’,)=D4.Notethat W, maybea. 
Then 
Next note that W, can have at most four components. If W, =L s2, then 
a,(K)=ol,(W,)k n-4. 
If W, # SJ and W, is connected or has twr3 components, then 
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Thus 
1 +ao(W,)-3+y(Wz) 
2 1 + aro(W1) - 3 + e(id, ar,(&)) (A(W,) = id) 
2 1 + e(id, CY~(W,) + Q~(W$ - 3) (by hmna 2.7) 
= 1 +e(id, n -3) ~ao(W,)+cto(Wz)= n . 
If W, has three components, then two of the components must be iso- 
morphic asymmetric graphs, say IV,, and W12, and IV, * G!. Let a, 
= w,U w,, and R, = w, \ w,, . .4(W2) = id since K could not contain 
three isomorphic asymmetric ecriponents since A(.kZ :- D, . In this case 
> 1 + c(id, c@“N1) + q,(i%$) - 3) (by Lemma 2.7) 
> 1 + e(id, n - 3) 
If IV, has four components and W, f S& then W, = W,, U w,, U I$, 
u w,, where W,, 2 W,, $W,, s W,, and A($) = id for I= 1, 2,3,4. 
Let w, = W, U W,,U W,, andI?$ = W, \ (W,, u ‘IV&. A(R2) = id since 
K could not contain three isomorphic asymmetric omponents ince 
A(K) = D,. Ir, this case, 
2 ao(wl) - 2 + e(id, a,(R,)) iA (IV,) = id) 
2 1 + e(id, aO( I@,) f ao(w,) - 3) (by Lemma 2.7) 
2 1 + e(id. ._ - 3) (Cfo(W1) +QO(W2) = n). 
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In any case, a1 (K) 2 1 + e(id, n - 3) for n 2 11. Therefore, e(D , n) 2 
1 +e(id,n-3)fornz ll.AgraphKconsistingofLtu (0) u k! n_3 
has A(K) = D, and q(K) = 1 + e(id, n - 3). The existence of Dn_3 was 
proven in [3]. Th sfore e(D,, n) = 1 + e(id, n - 3) for n 2 1 I. 
(m=3) D, :=S3. e(S,, IZ) was calculated in [ 41. 
(m ~4) D, = (Zz X Z.J * S,. Let K be a graph with n vertices and 
group D,. Then K = W, U W,, where A(W, ) = D, and either W, = In or 
A(W,) = id. If W, # 52, then choose W, maximal with respect o the 
property A(W2) = id and A(K \ Wz) = A(W,) = D,. By Lemma 2.5, W, 
is either connected or W, = W,, U W,,, where W,, s W,, and A(Wll) 
=Z,. 
For n < 4, e(D8, n) is undefined. 
Let 4 5 n < 10. Either W, = SZ or W, = { 0) or W, is an asymmetric 
graph on six vertices. If W, is not connected, then a,(W,) s 0 (mod 2) 
since W, = W, 1 + W,, and W,., = W,,. If W, = a, then either W, is 
connected and by1 (K) 2 n - 1 or W, has two components and a1 (K) 2 
n-, 3 for n = 4,6, 8, 10. If W, is an isolated vertex, then either W, is 
connected and art (K) 2 n - 2 or W, has two components and, a 1 (K) 2 
n - 3 for n = 5, 7, 9. If W, is an asymmetric graph on six vertices, then 
either W, is connected and al(K) 2 9 or Wi has two ccmponents and 
ar,(K)>8.Inanycase,q(K)22kforn=2+2k,3+2kandk=1,2, 3. 
Also cwt (Kj 2 8 for n = 10. Therefore e(D8, 10) 2 8. For n = 2 + 2k and 
k = 1, 2,3,4, a graph K(n) consisting of ~5~~ _ 1 U L:,_, has A(K(n)) = D, 
and CU~ (K(n)) = 2k. For n = 3 + 2k and k = 1, 2,3, a graph K(n)‘consist- 
ing of L:,_, *U L:,_, U { 0) has A(K(n)) = D, and cyl (K(n)) = 2k. There- 
fore, e(D8, n) = 2k for n =2+2k,3+2kandk=1,2,3.Alsoe(Ds,10)=8. 
For n 2 11, let K = W, U W,, where, as before,A(W1) = D, and 
A(W,) = id or W, = il. Then 
By Len-ma 2.5, the graph W, can have at most two components. If
W, = Cl, then 
CQ(K)=LQ(K~)~ n-2. 
If W, # a, then 
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> 2 + CW,(W,) - 4 + e(id, ar,(W’,)) (A(W2) = id) 
2 2 + e(id, c+.+W~) + Q~(&) - 4) (by Lemn~a 2.7) 
= 2 + e(id, n - 4) (ol,(W,) +c@IY,) =n). 
In any case, CQ (K) 2 2 + e(id, n - 4). Therefore e(Ds, n) ii? 2 + e(id., n - 4) 
for TZ 2 11. A graph K consisting of L I U L I U Qn+ has A(K) = Da and 
aI (K) = 2 + e(id, yz - 4). The existence of Qn+ was proven in [ 31. There- 
fore e(Ds, n) = 2 + e(id, n - 4) for rz 2 11. 
(m = 5) The calcuiation of e(D re, n) can be done using reasoning 
similar to that used in the general case when D,, is directly indecom- 
posable xcept for n = IO. For n = 10 it is possible for a graph with 
group D,, to have a S-dihedral set of degree I. Such a graph is pictured 
in Fig. 8. 
Fig. 8. 
(m = 6) Dlz = S, X 2,. Let K be a graph with n vertices and group 
Dr 2. K = W, U IV,, where A(W,) = I),, and either W, = s-2 or A(&) = id. 
If IV:!: f 52, then choose W, maximal with respect o the property 
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A(W,)=idandA(K\ Wz)=A(W,)=D,,. 
For $z < 5, e(D12, n) is undefined. 
For n = 5, e(D,, ,5) ii? 1 since the graph consisting of five isolated 
vertices has group S, . A graph K consisting of L I U ( l ) u { 9 ) u ( l } 
had(K) = D,, and err(K) = 1. Therefore e(D12, 5) = 1. 
Let 65 n 5 10. S' mce there are no asymmetric graphs on 2, $4 or 5 
vertices, w, can have at most four components if n < 10. If W, = Q 
then cur (K) 2 n - 4. If W, # 82, then W, must be an isolated vertex 
since n 5 10. In this case, W, can have at most two components as IV, 
does not contain an isolated vertex by the way IV, and IV, were de- 
fined. Therefore at r(K) > n - 3. 
For n = 11, K can have five components, but in that C&X, K must 
contain an asymmetric graph on six vertices and consequently ar 1 (IQ 2 7. 
Inanycase,arr(K)>n-4soe(Dr+z)?n-4for6<n< ll.Agraph 
K consisting of L,_, U {=) U {*} U (*} hasA(K)=Dr2 anda@)= ’ 
n ‘- 4. Therefore e(D12, n)=n-4for6in< ll.Nowletn> 12.If 
W, = s1, then W 1 has at most five components. Therefore cy 1(K) > n - 5. 
If W,# s2 and if W, has 1,2 or 3 components, then 
Thus 
2 c@W~) - 3 + e(id, a,(W,)) (A(W,) = id) 
= 1 + (uc(w,) - 4 + c,ncid, @+‘,)) 
2 1 + e(id, cu,(W$ + ao(Wz) - 4) (by Lemma 2.7) 
= 1 + e(id, n - 4) 
Now suppose W, # s2 and W, has 4 or 5 cc,lrponents. If I+‘, + s2 and 
IV: has 4 components, then W, will consist of three isomorphic asym- 
metric graphs and a connected graph with group Z,. If IV, f SZ and $ 
has 5 components, then W, will consist of three isomorphic asymmetric 
graphs of one type and two isomorphic asymmetric graphs of another 
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type. In of’ these K can. viewed as 
K == ti’, u a2 ) 
where Wr has three components and W, is an asymmetric graph consist- 
ing OF W, ancl one or two components of W,. The rearrangement of the 
components of K is done as in the proof of e(D.4, n) = 1 + e(i& n - 3) 
for n 2 3.1. In the present case, the inequality we get is 
ark 1 +e(id,n-4). 
Therefore; 
d+ n)> 1 +e(id,n-4) (n2 12). 
AgraphKconsistingofk,u(~} u {*} u (& 4 hasA(K)=Dx2 and 
a1 (K’j r= 1 + e(id, n - 4). Therefore e(D12, n) = 1 + e(id, n - 4) for n > 12. 
(m # 2no, where (no9 2) = 1 and m > 6) D,, is directly indecompos- 
able. Let K be a graph with n vertices and group DZm . By lemma 2.5, 
we can represent K as W, L# W,, where W, is connected and either 
w2 = 51, or A(W2) = id. If W, < S2, then choose W, maxiraal wit& respect 
to the property A(W,) = id and .4(K\ W,) = A(W, ) = D,, . Shx there 
are no asymmetric graphs on 2,3,4 or 5 vertices and e(id, 6) =: 6,. one 
can use Lemma 2.6, Lemma f .5 and appropriate modifications off Lemma 
3.5 with n f 2 5 <y&K) < in + 4 to find lower boux& for e[D2m y n) with 
1 5 n 5 m f 6. The proofs of these lemmas indicate 3:ow to construct 
graphs which have group D,, for which these bounds are sharp. The 
constructions are very similar to the ones pictured in Fig. 7. 
Nowletn>m+6. If W, = a, then by Lemma 2.6 we find cr&K) > n. 
If W, + ,52, then al(W1) 2 “o(W1) by Lemama ‘.:+cSP In this case 
(A(W,) = id) 
2 rrt+tgW1) -m +did, q,(w,>) 
> in + e(id, CUJW~) + CQ,(W~) -ml (by Lemnna 2.7) 
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In any case, CY* (K) > m + e(id, n - m), so e(Dzm, n) > m + e(id, n - m) 
for n > m + 6. A graph K consisting of Cm U Qn+ has A(K) = Dzm and 
q(K) = m + e(id, n - ml. In [3] it kproven that Q,_, exists. 
(m = 2no, where (n,, ,2) = 1 and no > 3) DdnO = Dzno X Z,, where 
Dzno is directly indecomposable. Let K be a graph with n vertices and 
grc:up D4r0. Then K = W, U W,, where A(W, 1 = 1&, and either W, = Sz 
or A(W2) = id. If W, # 52, then choose W, iaximal with respect to the 
property A(W$ = id and A(K \ W,) = A(W,) = Dbno. The graph W, has 
at most three components as any graph with group DznO and lzO > 3 is 
connected by Lemma 2.5. 
For n < no + 2, the number e(DAno, n) does not exist. 
Nowletn0+2<n%z0+7.EitherWz=~orW,={*}.IfW+2 
and W, is connected, then a1 (K) 2 n - 1. If W, = a and W, has two 
components, W,, and W,,, thenletA(WII)=D2no andA(W&=Z2. 
Then 
If W, = s1 and W, has three components, W,, , W,, and W13, iiren let 
A(W,,)=D2no andA(W12+W13)=Z2. In thiscase&K) -QW,,) 
= 0 (mod 2) and 
r a*(K) - 2 cc;= 1 cY()(X1j? = 12) 
h-2. 
Finally, if W, Z S2, then W, is an isolated vertex amd ic’, has at most l:vo 
components because no + 2 2 n C no + 7. Let icy, := W,, u IV,,, where 
A(W11) = D2no and A( W I*) = Z, . In this case, 
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r:n--2 @*W,,) + “(JCW,2) = n). 
In any case, crl (K) 2 n - 2. 
Fog n = no + 8 either W, = fi or W, is an isolated vertex or W, is an 
asymmetric graph on six vertices. In any case, it is easy to see, as above, 
that q (K) 2 P+., +6. Therefore e(Ddn , n) 2 n - 2 for no + 2 5 n 5 no + 8. 
A graph K consisting of CnO U &._,$~ I,’ { 9 ) has A(K) = D+, and 
crI (K) = n - 2. Therefore e(DrlnO, II> = n - 2 for no + 2 5 n 5 no + 8. 
Nowlet~~nrO+9.IfWz=SZ,thenlyl(K)~~~-3.IfW2#5;!andW1 
is connected, then 
(by Lemma 2.6) 
2 QW, I+ did, cr,(W,)) (A(&) = id) 
2 y~g +aO(W1) - no + e(id, ar,(W,)) 
2 ptO + e(id, CQ#V,) + cq#Vz) - n,) (by Lemma 2.7) 
=> rrhj + e(id, n - no) (cu,W,) + ao(Wz) = n). 
If W, # 101 and W, 1~;~s two components, ay W,, and W,z, then let 
A(Q) =Dzno and A(W12) = 2,. In this case, 
01 (&I) = “1 WI1 ) + l”#52) + Q[l (w,) 
2 q~,,) + @v’~~) - 1 + e(ki, cr,W,)) 
(A(w,) = id and by Lemma 2.6) 
> no + q,(W11 B + cyo(w,2) - 1 - no + e(id, q&W:,)) .- 
2 no + e(id, uJW,,) + q,(W,,) + aO(W2) - no - 1) 
(by Lemma 2.7) 
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2 no +e(id, n-q,-- 1) (~e(~~~? + aQ(W,,) + q&) = n). 
If W, Y+ S2 and W, has three components, ay IV,,, W,, and W13, then 
let 4W,1 ) = D2no p A(W12) =A(W& = id and WI2 s IV,,. A component 
of type W,, cannot occur in W, since this would imply three components 
of this type in K and then A(K) + D2no X Z,. Thus K can be rearranged 
as follows: 
K = (iv,, u w,,) u w,, u W2) 9
where A(W,,) = D,, 
0 
, A(W12) = id, W,, is connected and A(U’,, + W2) 
= id. This yields 
(by Lemma 2.6) 
> CY#V,,) + o+(W,~) - 1 + e(id,a,(W13 + W2)) 
(A(W,,+W,) = id) 
= nO + c+#+‘,,) + Q@V,~) - no - 1 + e(id, c@V,~ + W,)) 
2 no + e(id, Q(W,,) + aO(W,,) + cre(W,,) + 5&W2) - n0 - 1) 
(by Lemma 2.4) 
=tiO +e(id,n-no-l) 
(qv,,) +“*(W,2) +“()(Wrj) +“{,(w,) =n). 
Therefore, if n 2 no + 9, then 
q(K)> no +e(id,n-no--- 1). 
A graph K consisting of Cno u { l } u gn_no_ 1 has A(K) = DJno and 
cyI (K) = IQ, + e(id, n - no - 1). Therefore, 
e(D4no9 nj =r+,+e(id,n-,a,,,- I) for n 2 no + 9. 
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